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Resume. Nous poursuivons I'etude de I'equation hamiltonienne 
suivante sur I'espace de Hardy du cercle 

idtu = n(|upM) , 

oil n designe le projecteur de Szego. Cette equation est un cas 
modele d'equation sans aucune propriete dispersive. Dans un tra- 
vail precedent, nous avons montre qu'elle admettait une paire de 
Lax et qu'elle etait completement integrable. Dans cet article, 
nous construisons les variables action-angle, ce qui nous permet 
de ramener la resolution explicite de I'equation a un probleme de 
diagonalisation. Une consequence de cette construction est la solu- 
tion d'un probleme spectral inverse pour les operateurs de Hankel. 
Nous etablissons egalement la stabilite des tores invariants corre- 
spondants. En outre, des formules explicites de resolution ainsi 
obtenues, nous deduisons la classification des ondes progressives 
orbitalement stables et instables. 

Abstract. We continue the study of the following Hamiltonian 
equation on the Hardy space of the circle, 

idtu = n(|upu) , 

where H denotes the Szego projector. This equation can be seen 
as a toy model for totally non dispersive evolution equations. In 
a previous work, we proved that this equation admits a Lax pair, 
and that it is completely integrable. In this paper, we construct 
the action-angle variables, which reduces the explicit resolution of 
the equation to a diagonalisation problem. As a consequence, we 
solve an inverse spectral problem for Hankel operators. Moreover, 
we establish the stability of the corresponding invariant tori. Fur- 
thermore, from the explicit formulae, we deduce the classification 
of orbitally stable and unstable traveling waves. 
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INVARIANT TORI FOR THE CUBIC SZEGO EQUATION 2 
1. INTRODUCTION 

1.1. The cubic Szego equation. In the paper we introduced the 
evolution equation 

(1) idtu = Il{\u\\) , 

posed on the Hardy space of the circle 

oo oo 

Ll = {u : M = ^M(A;)e'^' , J]] l^l'^)!' < +oo } , 

fc=0 fc=0 

where 11 denotes the Szego projector from to L^, 

OD OO 

V(cfc) G e{Z) , n( (^ke'"' ) = J2c,e''' . 

k=—oo k=0 

If is endowed with the symplectic form 

de 



uj{u,v) = 4:lm{u\v) , {u\v) := uv ■ , 

J 27r 

this system is formally Hamiltonian, associated to the — densely defined- 
energy 

The study of this equation as a toy model of a totally non dispersive 
Hamiltonian equation is motivated in the introduction of [2], to which 
we refer for more detail. In [2], we proved that the Cauchy problem for 
(II]) is well-posed in the Sobolev spaces 

for all s > The unexpected feature of this equation is the existence 
of a Lax pair, in the spirit of Lax [7] for the Korteweg-de Vries equation, 
and of Zakharov-Shabat [16] for the one- dimensional cubic nonlinear 
Schrodinger equation. Let us describe this structure. For every u e 

1 /2 

Hj^ , we define (see e.g. Peller [13], Nikolskii [H]), the Hankel operator 
of symbol u by 

Hu{h) = U{uh) , he Ll . 

It is easy to check that is a C -antilinear Hilbert-Schmidt operator 
and satisfies the following symmetry condition, 

{Hu{h)\h2) = {Hu{h2)\h) , huh G Ll . 

In [2], we proved that there exists a mapping u ^ Bu, valued into 
C-linear skew-symmetric operators on L^, such that m is a solution of 
([T]) if and only if 

(2) 'dt^^ ^ ' 
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An important consequence of this structure is that, if m is a solution 
of ([T]), then Hu{t) is unitarily equivalent to -ffn(o)- In particular, the 
spectrum of the C-linear positive self adjoint trace class operator 
is conserved by the evolution. Moreover, one can prove that 

(3) 5„ = -«T|„p + , 
where denotes the Toeplitz operator of symbol b, 

n{h) = u{bh) . 

This special form of Bu induces another consequence, namely that, for 
every Borel function / bounded on the spectrum of H^, the quantity 

(4) J[f]{u):={fiHl)m) 

is a conservation law. Here f{H^) is the bounded operator provided 
by the spectral theorem. Let us mention some particular cases of such 
conservation laws which are of special interest. If is an eigenvalue 
of , denote by P the orthogonal projector onto the corresponding 
eigenspace of H'^. Then 



u 



A special role is also played by 

(5) J2„(M) = (i7f(l)|l), neZ+, 
for which f{s) = s", and by their generating function 

oo 

(6) J{x){u) = 1 + = ((/ - xHl)-\l)\l) . 

n=l 

for which /(s) = (1 - xs)-^. Notice that E = 23^ - J|. 

A third consequence of the Lax pair structure is the existence of 
finite dimensional submanifolds of L\ which are invariant by the flow 
of ([1]). By a theorem due to Kronecker |5j, the Hankel operator is 
of finite rank if and only if m is a rational function of the complex 
variable with no poles in the unit disc, and of the following form, 

= W) ' 

with A e Cn-i[z], B e Cn[z], B{0) = 1, d{A) = N - 1 or d{B) = N, 
A and B have no common factors, and B{z) 7^ if 1^1 < 1. Here 
Cd[z] denotes the class of complex polynomials of degree at most D, 
and d{A) denotes the degree of a polynomial A. We denote by A^(A^) 
the set of such functions u. It is elementary to check that A^(A^) 
is a 2A^-dimensional complex submanifold of L^. In f2], we proved 
that the functions J2n,n = 1, ■ ' ' 5 2A^, are in involution on A^(A^), 
that their differentials are linearly independent outside a closed subset 
of measure 0, and that the level sets of (Ji, . . . , J2n) are generically 
compact in A^(A^). By the Liouville- Arnold theorem [1], the connected 
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components of these generic level sets are Lagrangian tori, which are 
invariant by the flow of ([T]). 

The purpose of this paper is to study these invariant tori in detail by in- 
troducing the corresponding action-angle variables. As a consequence, 
this will provide explicit formulae for the resolution of the Cauchy 
problem for ([T]). Notice that similar coordinates were introduced for 
the Korteweg-de Vries equation by Kappeler-Poschel [4j , and more 
recently by Kuksin-Perelman [B] as an application of Vey's theorem, 
and, for the cubic one- dimensional nonlinear Schrodinger equation, by 
Grebert-Kappeler-Poschel [3] . Our method here is however completely 
different, since it is based on specific properties of Hankel operators. 
We now describe the results in more detail. 

1.2. Action angle variables in the finite rank case. We denote 
by A^(A^)gen the set of m G A^(A^) such that 1 does not belong to 
the range of Hu, and such that the vectors if^^(l), k = 1, . . . ,N, are 
linearly independent. We proved in [2], Theorem 7.1, that A^(A^)gen is 
an open subset of A4{N), whose complement is of Lebesgue measure 
0. Moreover, it can be shown that Ai{N)gen is the set of u such that 
admits exactly N simple positive eigenvalues Af > • • • > with 
the following additional property, 

N 

(7) z/j > for j = 1, . . . , and ^ z/| < 1 , 

where, for each j, we define the normalization constants 

(8) := 1|P,(1)|| , 

and where Pj denotes the orthogonal projector onto the eigenspace Ej 
of associated to A^. Indeed, given an orthonormal basis (ei, . . . , cat) 
of the range of Hu such that H^Cj = A^Cj, the modulus of the determi- 
nant of the vectors H'^{1), = 1, . . . , A^ in this basis is equal to 

|(l|ei)|...|(l|e^)||det(Af)i<,-fc<^| . 

Moreover, z/| is the square of the norm of the orthogonal projection 
of 1 onto the range of Hu-, hence is < 1 if and only if 1 does not belong 
to the range of Hu- 

We then define our new variables. The first set of action variables is 
given by 

I,{u)=2X], j = l,...,Ar. 

We define the first set of angle variables as follows. Using the antilin- 
earity of Hu there exists an orthonormal basis (ei, ■ ■ ■ , cat) of the range 
of Hu such that 

Hu{,ej) = XjCj , J = 1, ■ ■ ■ , A^. 
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Notice that the orthonormal system (ei, ■ ■ ■ , cat) is determined by u up 
to a change of sign on some of the ej, in other words up to the action 
of {±1}^ acting as a group of isometrics. Therefore we can define the 
angles 

(Pj{u) := arg(l|ej)^ j = 1,...,N . 

Since A^(A^)gen is a symplectic manifold of real dimension AN, it re- 
mains to define N other action variables and other angle variables. 
We do the same analysis with the operator = HyT^ as the one we 
did with H^. Here is nothing but the multiplication by z, namely 
the shift operator on the Fourier coefficients. We will show that K^, 
which turns out to be a self-adjoint positive operator, has N distinct 
eigenvalues denoted hj fif > > ■ ■ ■ > fj,%. Furthermore, the /I'j are 
the solutions of the equation in a, 

satisfying 

(10) Xl > fil > Xl > fil > ■ ■ ■ > Xlf > > 0. 

As before, by the antilinearity of there exists an orthonormal basis 
(/i! ■ ■ ■ ) In) of the range of such that 

KuUm) = f^mfm , m = 1, - ■ ■ ,N, 

and (/i, ■ ■ ■ , /tv) is determined by u up to a change of sign on some of 
the fm- We set 

Lm{u) := j = 1, . . . , A^ and 9m{u) := SiTg{u\fmf, m = 1, . . . ,N . 
Define 

:= {ih,...,lN,Li,...,LN) e M^^; h > Li > h > ■ ■ ■ > In > > 
Our main result reads 
Theorem 1.1. The mapping 

Xn '■= {h, • • • 5 In, Li, ■ ■ ■ , Ln', fi, ■ ■ ■ , '^n, ^i, ■ ■ ■ , ^n) 

is a symplectic diffeomorphism from A^(A^)gen onto Qn x T^^, in the 
sense that 

N N 



'11) Xn*(^ = ^ dIj A d(^j + ^ dLm A d6„ 



m=l 



As we will see in the proof, a complement to this theorem is an 
explicit formula giving u in terms of Xn^u) — see Proposition [3] below. 
As a first consequence of this result, we obtain an explicit solution to 
the Cauchy problem for ([1]) for data in A^(A^)gcn- 
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Corollary 1. The cubic Szego equation (J\) is equivalent, in the above 
variables, to the system 

r /, = 0, Lm = 

1.3. The infinite dimensional case. Theorem 11.11 and Corollary [1] 
admit natural generalizations to infinite dimension. In this case, we 
define the set -ff+(gen as the subset of functions u in H^J^ so that Hi 
admits only simple positive eigenvalues 

A?>A^>... 

on the closure of its range, and such that, for any j > 1, 

ur-= r,(i)ll7^o. 

1/2 1/2 

We shall prove that -ff+'gen is a dense Gs set in Hj^ and that the 
motion stays on infinite dimensional invariant tori, leading to almost 
periodic solutions valued in H]!"^ . More precisely, denoting by (/im)m>i 
the sequence of positive eigenvalues of K^^ and observing that 

\l> ^i\> \l> ^il> 

we can define as before orthonormal systems (ej)j>i and (/m)m>i, with 

As before, we introduce the following sequences of angles, 

(Pj = arg(l|ej)^ , ft^ = arg{u\fm)'^ , j,m > 1 . 

We then have the following generalization of Theorem 1 1 . 1 1 and of Corol- 
lary [T] 

Theorem 1.2. The mapping 

X:ue //|,gen ^ ((0 := Aje-^'^Oi>i , ilm := /ime-^^'")^>i) 
is a homeomorphism onto the subset of i"^ x i"^ defined by 

S := {((0).>1, {lm)m>l) f, ICll > |7l| > IC2I > I72I > • ■ ■ > 0} . 

Moreover, the evolution of (QP reads through x 

This theorem is deduced from Theorem 11.11 through an approxima- 
tion argument by the finite rank case. The convergence of this approx- 
imation is a consequence of a compactness result on families of Hankel 
operators — see Proposition [2] below. 



INVARIANT TORI FOR THE CUBIC SZEGO EQUATION 



7 



1.4. Application to inverse problems for Hankel operators. 
Theorems 11.11 and 11.21 can be rephrased as solutions to inverse spec- 
tral problems on Hankel operators. We denote by h^/^ the space of 
sequences (c„)„>o of complex numbers such that 

oo 

(12) ^n\cn\^ <oo, 

n=0 

endowed with its natural norm. Given c G h^/^, we define the operator 
T, : e^(N) ^e(N) by 

oo 
p=0 

In view of (IT^ . it is clear that is Hilbert-Schmidt. We also introduce 

f . := T, 

where 

Vn G N , c„ := c„+i . 

Our first result concerns the prescription of positive singular values of 
both Tc and Tc- Recall that the positive singular values of an operator 
A are the positive eigenvalues of the operator y/AA*. 

Corollary 2. - Let {^j)i<j<N, {l^j)i<j<N be N-tuples of real numbers 
satisfying 

Ai > /ii > A2 > /i2 > ■ ■ • > > /Xat > . 

The set of sequences c G h^^"^ such that has rank N and admits 
Aj , 1 < J < N, as simple positive singular values, and such that Tc 
has rank N and admits fij, 1 < j < N, as simple positive singular 
values, is a Lagrangian torus of dimension 2N. 

- Let {\j)j>i, {fim)m>i be sequences of positive real numbers satisfy- 
ing 

Ai > /ii > A2 > /i2 > ■ ■ ■ > , A^ < 00 . 

The set of functions c G h^^'^ such that the positive singular values of 
Tc are Xj, j > 1, and are simple, and such that the positive singular 
values ofTc are ^m, m > 1, and are simple, is an infinite dimensional 
torus. 

In the particular case of real values sequences c in h^/^, is self- 
adjoint and Corollary [2] has the following simple reformulation. 

Corollary 3. - Let Ci • • • > Cn, li, ■ ■ ■ ,1n be real numbers such that 

ICil > |7i| > IC2I > I72I > ••• > ICtvI > |77v| > . 
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There exists a unique sequence c = (c„)„>o of real numbers such that 
Tc has rank N with non zero eigenvalues (i, . . . ,(n, o-nd such that the 
selfadjoint operatorV c has rank N with non zero eigenvalues 71, ... , 7Ar. 
- Let (Cj)i>i ; {lm)m>i bc two sequences of real numbers such that 

00 

ICil > l7i| > IC2I > I72I > ... > ,^c| < 00 • 

i=i 

There exists a unique sequence c G h^^^ of real numbers such that the 
non zero eigenvalues of the selfadjoint operator Fc are Q, j > 1, and 
are simple, and the non zero eigenvalues of the selfadjoint operator 
O're 7m, m > 1, and are simple. 

Notice that, in and [15], Treil proved that any noninvertible 
nonnegative operator on a Hilbert space, with simple discrete spectrum, 
and which is either one to one or with infinite dimensional kernel, is 
unitarily equivalent to the modulus of a Hankel operator. This implies 
in particular that any decreasing sequence of positive numbers in £^ is 
the sequence of the positive singular values of a Hilbert-Schmidt Hankel 
operator. In Corollary [21 we prove that it is possible to prescribe both 
singular values of Fc and of Fc, assuming that they are all simple and 
distinct, and we describe the set of solutions as a torus. 

As for Corollary[3], it has to be compared to the result by Megretskii, 
Feller, Treil [H], who characterized in the widest generality the self- 
adjoint operators which are unitarily equivalent to Hankel operators. 
In the special case of Hilbert-Schmidt operators with simple non zero 
eigenvalues. Corollary [3] establishes that it is possible to impose the 
spectrum of both Fc and Fc, and that this completely characterizes the 
symbol. 

Finally, let us emphasize that Corollaries [2] and [3] are completed by 
an explicit formula which gives the sequences c, see Remark [3] below. 

1.5. Stability of invariant tori and instability of traveling waves. 

Given {h, . . . , In, Li, . . . , Ln) e Qn, denote by T(/i, . . . , In, Li, . . . , Ln) 
the corresponding Lagrangian torus in A^(A^)gen via xn- Our next re- 
sult is a variational characterization of T(/i, . . . , In, Li, . . . , Ln) which 
implies its stability through the evolution of the cubic Szego equation, 
analogously to the result by Lax [S] for KdV. We recall the notation 

00 

Vm G hI^\M{u) = {-ideu\u) = ^A;|m(A;)|2 . 
Theorem 1.3. For n = 1, . . . , 2N, define 

a3) ,..p-.;(.-|)n(^). 
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Then T(/i, . . . , 1^, Li, . . . , L^) is the set of the solutions in HJ of the 
minimization problem 

mi{M{u) : J2n{u) = j2„ , n = 1, . . . , 2N} . 

Consequently, T := T(/i, . . . , Jjv, Li, . . . , Ln) is stable under the evo- 
lution of (dj, in the sense that, for every e > 0, there exists 6 > such 
that, if 

inf lluo — f II H'i/2 < S , 
then the solution n o/ (QP with n(0) = Uq satisfies 

sup inf \\u(t) — v\\fTi/2 < e . 

Let us mention that there is a similar result for the infinite dimen- 
sional tori deduced from Theorem 11.21 — see Remark H] below. 

Our next observation concerns the case N = 1, where T(Ji, Li) consists 
exactly of functions 

(14) u.,M = ^-^ 

where |a| and \p\ are fixed positive numbers which depend on Ii,Li. 
In [2], it was observed that such functions u are traveling waves of 
equation ([1]), in the sense that there exists (w, c) e such that 

t ^ e-'"*u,,p(ze-'=*) 

is a solution to ([1]). Moreover, Proposition 5 and Corollary 4 of [2] 
establish the orbital stability of this traveling wave as the solution 
of a variational problem, which is exactly the statement of Theorem 
11.31 in this case. Therefore it is natural to address the question of 
orbital stability for all the traveling waves of ([T]), which were classified 
in Theorem 1.4 of p]. The next result gives a complete answer to this 
question. 

Theorem 1.4. If u is a traveling wave of (QP which is not of the form 
defined in JT^ , then u is orbitally unstable. 

The proof of this theorem is based on the explicit resolution of Equa- 
tion ([T]) when the Cauchy data are suitable perturbations of the trav- 
eling wave u. 

I. 6. Organization of the paper. We close this introduction by de- 
scribing the organization of the paper. In Section [21 we introduce some 
fundamental tools which will be used in the paper, including the com- 
pressed shift operator, a trace formula and a compactness result. In 
Section [31 we prove Theorem II. II on action-angle variables in the finite 
rank case and its corollary about the explicit solution of Section 
[4] contains the generalization to infinite dimension stated in Theorem 

II. 21 Section [5] is devoted to the solution of inverse spectral problems 
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for Hankel operators as stated in Corollaries [2] and O In Section 0, we 
prove Theorem 11.31 about stability of invariant tori. Finally, Section [7] 
establishes the orbital instability of traveling waves. 

2. Preliminaries 

2.1. The compressed shift operator. We are going to use the well 
known link between the shift operator and the Hankel operators. Namely, 
if Tz denotes the shift operator — the Toeplitz operator of symbol 

z z — , one can easily check the following identity, 

(15) H^T, = T:Hu. 

With the notation introduced in the introduction, it reads 

Ku = T*Hu. 

Moreover, 

Kl = H^TzT:H^ = H^{I - ( . \l))H^ = Hl-{. \u)u . 
We introduce the compressed shift operator ([H], [12], [13]) 

S '■= PyTz 1 

where P„ denotes the orthogonal projector onto the closure of the range 
of Hu- By property (|T5l) . ker Hu = ker P„ is stable by T^, hence 

so that S is an operator from the closure of the range of Hu into itself. 
In the sequel, we shall always denote by S the induced operator on the 
closure of the range of and by S* the adjoint of this operator. 

Now observe that operator S arises in the Fourier series decomposition 
of u, namely 

00 oo oo 

(16) u{z) = Y.iulznz'' = Y.{u\T:{1))z- = ^(n|5"P„(l))z". 

n=0 n=0 n=0 

As a consequence, we have, for \z\ < 1, 

(17) u{z) = {u\{I-zSy'Pu{l)). 

which makes sense since \\S\\ < 1. In the next sections, we shall see 
how the above formula leads to an inverse formula for the maps xn 
and X- 

2.2. A trace formula and a compactness result. For every integer 
j > 1, we denote by J-'j the set of subspaces of of dimension at most 

1 /2 

j. Given u G iJ+ , we define \j{u) > by 

A^(u) = min niax {Hl{h)\h) . 

h&F^,\\h\\=l 

The following is a standard fact about nonnegative compact operators. 
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• If has finite rank A^, then A^(m) = for every j > N, and 
A^(m) > A^u) > ■ ■ ■ > A^(m) > are the positive eigenvalues 
of H^, listed according to their multiplicities. 

• If has infinite rank, then A^(m) > A|(m) > ■ ■ ■ > are the 
positive eigenvalues of H^, listed according to their multiplici- 
ties. 

Likewise, we define fij{u) > by 

/^^(/i) = min niax {Kl{h)\h) = mm max {H^{h)\h)-\{h\u)\^ . 
FeTj^i heF^,\\h\\=i P<^^3'\ /ieF^,!|?i!|=i 

From these formulae, it is easy to check that 

Ai(m) > ^liu) > X2{u) > jj,2{u) > ... 

The following result makes an important connection with function J{x) 
introduced in ([6]). 

1/2 

Proposition 1. For every u G H^^ , the following identities hold. 

oo / \2 ,,2 



Aj /ij \ _ j\x) r 1 1 



18 > —-^ - — ^ = -jr^ , X ^ -2, -, J > 1 



°° 1 - a^x r 1 1 

Proof. First notice that (fT9|) is a direct consequence of ( ITSll by integra- 
tion and the fact that J(0) = 1. It remains to prove (ITSI) . which we 
shall interpret as a trace formula. Indeed, recall that 

Kl{h) = Hl{h) - {h\u)u, 

so that an elementary calculation yields 

{l-^ill)-\n-iJ-^Kr\i) = -j^^{m-^Hl)-\n)){I-xHl)-\u) . 
Consequently, 

Tr((/ - xHl)-' -{I- xKl)-') = -^11(1 - xHl)-\uW • 
Since, on the one hand, 

\\{I-xHl)-\u)r = {{I-xHl)-^Hl{l)\l) = ^{{I-^HlVm) = J'i^) , 
and on the other hand 

Tt{{I - xHlr' - {I - xKlr') = xTv {Hl{I - xHl)-' - Kl{I - xKlr^) 

^1 



X 



oo / ,2 ,,2 



. , V ^ Af X 1 - /i^x 



Formula ffTSl) follows. □ 
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From the above proposition, we infer the following compactness re- 
sult, which will be of constant use throughout the paper. 

• 1/2 

Proposition 2. Let (up) be a sequence of weakly convergent to u 
in ^ . We assume that 

{Xj{up))j>i — > (Aj)j>i , (/^jK))j>i — > {'Pj)j>i in f, 

and the following simplicity assumptions : 

• If j > k and Xj > 0, then Xj > Xk- 

• If j > k and Jlj > 0, then JIj > flj^. 

• If Xj > for some j > 1, then Xj ^ JI^ for every m > 1. 
Then, for every j > 1, Xj{u) — Xj, iJ>j{u) — Jlj, and the convergence of 
Up to u is strong in H]^'^ . 

Proof. Firstly, we make a connection between the sequences {Xj)j>ii {l^j)j>i 
and {Xj{u))j>i, (A*j(it))j>i by means of standard functional analysis. 

Lemma 1. Let (Ap) be a sequence of compact self adjoint nonnegative 
operators on a Hilbert space T-L, which strongly converges to A, namely 

yhen , Aph — > Ah . 

For every j > 1, denote by JFj the set of sub spaces of T-L of dimension 
at most j, set 



» 

and assume 



ay = min max (AJh)\h) , 



with, if j > k and aj ^ 0, aj > a^. Then the positive eigenvalues of A 
are simple and belong to the limit set {aj}- 

Proof. Denote by (e^^^) an orthonormal basis of ker with ApC^^ — 
a^^e^\ For every /i e 7^, we decompose 



h=J2{h\ef)ef^ + h^^ 
j 

where h^^^ G ker Ap. Let a G M. Then, passing to the hmit in 

(20) ||(^, - a)hr = ^(af - a)^|(/.|ef )r + a^h^^^^ , 

j 

we get 

11(^4 — a)h\\ > min(inf \aj — a\,\a 
j 
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and therefore, if a ^ {aj} U {0}, a is not an eigenvalue of A. Assume 
now that a = aj, and come back to (1201) . If Ah = ajh, we infer 

or \\h — {h\e^^)e^J'^\\'^ — )■ 0. Consequently, given eigenvectors hi, h2 of A 
with eigenvalue aj, we have 

|(/ii|M|=lim|(/^i|el^))||(/i2|el^))| = ||/ii|| \\h,\\ , 
which means that aj is a simple eigenvalue. □ 

Let us return to the proof of Proposition [2j By the Rellich theorem. 
Up tends to u strongly in L^, hence, for every h G L^, we have 

(21) Hu,{h) Hu{h) . 

p—>-oo 

Since the norm of Hu^ is bounded by its Hilbert-Schmidt norm, namely 
the if^/^ norm of Up, which is bounded, we conclude that (1^ holds 
uniformly for h in every compact subset of L^, hence 

^n>l,Hl{h)^H:{h) . 

^ p—^oc 

In particular, for every n > 1, 
and there exists C > such that 

Vra > 1, sup J2n{Up) < C"' . 

p 

Choose 6 > such that SC < 1. Then, for every real number x such 
that |x| < 6, we have, by dominated convergence. 



J{x){up) := 1 + Vx"J2„(Mp) — ^ 1 + ^x''J2n{u) := J{x){u) > 
Similarly, 



ri=l ri=l 



p— >oo 



and therefore 

J'(x)(Mp) J'(x)(m) 



J{x){Up) P^co J{x){u) 

On the other hand, in view of the assumption about i"^ convergence of 
(Aj(Mp))j>i and {fJ'j{up))j>i, we also have, for |x| < 6, 

y f >^]{np) _ ^,]{up) \ _^ ^ / \] _ -Jl] 
^ U - >^]{up)x 1 - fi]{up)xj ^ \ l - a'x 1 - 'P]^, 
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Using Formula (ITS]) of Lemma [T] above, we infer 
(22) 



T-2 



for I a; I < 6, and hence for every x distinct from the poles, by analytic 
continuation. By the assumption of the proposition, no cancellation 
can occur in the left hand side of (^2^, and the pole are all distinct. 
On the other hand, applying Lemma [1] to Ap = H^^ and to Ap = K^^, 
we know that 

{X%u),j > 1} c {a',j > 1} , {fi%u),j > 1} C {7I?,J > 1} 

and that the multiplicity of positive eigenvalues is 1. Consequently, 
there is no cancellation in the right hand side of f l2^ either, and all the 
poles are simple. We conclude that \j{u) = Xj, Hjiu) = Jij for every 
j > 1. Moreover, 

Tt{H'J = hm Tt{HI), 

which, since Tr(if^) ^ ||w||^i/2, implies the strong convergence in H^^^. 

□ 

3. The action-angle variables 

In this section we prove Theorem 11.11 and its corollaries [T] and [2J 
The proof of Theorem 11.11 is split into five parts. Firstly, we study the 
compressed shift operator in connection to the spectral theory of K^. 
As a second step, using the compressed shift operator, we prove that the 
unknown u can be recovered from XAr(-u), with an explicit formula. The 
third step is devoted to calculating the Poisson brackets between action 
functions {I,L) and angle functions {ip,0), which implies in particular 
that xn is a local diffeomorphism. This calculation is achieved thanks 
to function J{x), the Hamiltonian flow of which satisfies a Lax pair 
structure, as we proved in [5]. The surjectivity of xn is obtained in 
the fourth step thanks to a topological argument, while the remaining 
Poisson brackets are calculated in the fifth step. 

3.1. Spectral theory of and the compressed shift operator. 

As a first step, for u G A^(A^)gen, we study the eigenvalues of on the 
range of Hu- We first observe that cannot be an eigenvalue. Indeed, 
otherwise there would exist g in the range of Hu such that 

Kug = = T^Hug, 

which means that Hug is a non zero constant. This would imply 
that 1 belongs to the range of Hu, which contradicts the definition 
of Ai{N)gen- On the other hand, if g is an eigenvector associated to an 
eigenvalue a > 0, we have, from the identity = Hu — ( . \u)u , 

(23) iHl-aI)g = ig\u)u. 



INVARIANT TORI FOR THE CUBIC SZEGO EQUATION 



15 



We first claim that a does not belong to {A^ . . . , A^}. Indeed, assume 
0" = A| in (12^ . If {g\u) = 0, implies that g = kcj for some k 0, 
therefore {g\u) = kXj{l\ej) and this would contradict the assumption 
I'j > — see ([7]). If {g\u) 0, fl23|l implies that u belongs to the range 
of H^ — X^I, hence u is orthogonal to ej, which again is in contradiction 
with the assumption Uj > 0. 
Therefore ^ yields 

g = ig\u)iHl-aI)-\, 

which is possible if and only if 

{{Hi - al)-\\u) = 1 , 

or, by decomposing u on the e/s, 

which is exactly (|9]). Notice that, as a function of a, the left hand side 
of the above equation increases from —oo to +oo on each interval be- 
tween two successive A^, hence the equation admits exactly solutions 
. . . Summing up, we have proved that the eigenvalues of K^^ 
on the range of are precisely the /x^, m = 1, . . . ,N, defined by 
with eigenvectors 

(24) g^ = iHl-^^lIr\u). 

Since these eigenvalues are simple, and since Ku{gm) is also an eigen- 
vector associated to /x^, we have 

with |7mP = /^m- Then an orthonormal basis (/i, . . . , /at) of the range 
of Hu satisfying 

is given by 



so that, using that 

in view of (jH]), we have 

Finally, we have proved that 

Ku{,g^) = /i„^ e-^^'-c/, 



1/2 
Ira gm 

~^\\ I 
A'-m \\gm\ 



arg(M|/„)2 = arg(7. 
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Next we come to the link with operator S. Recalhng the expression 
of and the fact that = H^S, we infer, using the injectivity 
of Hu on the range of H^, 

(25) S{g^) = fime''-hm 
where 

We summarize the above result in the following lemma. 

Lemma 2. The sequence {gm) defined by [24\ ) is an orthogonal basis 
of the range of Hu, on which the compressed shift operator acts as 

SigJ = fime''"^ km , ■= {Hi - /i^/)-ip„(l) . 

3.2. The inverse spectral formula. We now prove that xn is one 
to one, with an explicit formula describing u in terms of xn{u). 

Proposition 3. IfxN{u) = (2A?, . . . , 2X%, , . . . , (fi, . . . ^ip^^Oi, . . . ^On) 
then 

(26) u{z) = X{I - zA)-'^Y 
where 

X := (A,^,e--Oi<,<^> 

y '■= {^k)i<k<N^ 

A := {Aj^k)i<j,k<N is given by 

Afct/,z/fce-^(^'-+^^) 



and 



(27) ".-1-5 n 



,, 2x1/2 ,.2 ,,2x1/2 



\2 / 11 V \2 \2 



N \2,,2 T 2 2 



^'-Yl ^2^ M2^2 - X2^ „2 n 



- (A,^ - f^jy Xj - f,j 11 f^j - XI 



Proof. Our starting point is the formula f fT7|) derived in the last section, 

u{z) = {u\{I -zS)-'P^{l)) , \z\<l. 

We compute this inner product in the orthonormal basis {cj := ^^'^^^'^^j)i<j<N 
of the range of Hu- By definition, we have 

l<m<N l<j<N l<j<N 

and 

u = H4Pu{l))= E A,z/,e-^^/%= E V.e-^^^eY 

l<j<N l<i<Af 
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Let US compute S{ek)- We expand in the orthonormal basis 

N 



Moreover, 



Hence 



I Il2 

194 



1 

N 



and, using Lemma El 



r2 ,,2r\-l 



As /i, = {Hi - i4l)-\Pu{l)) we get 



N 



Eventually, we obtain that 

u{z) = X{I - zA)-^Y 

where 



^ ('^A;)i<fc<7v 

and A := (^j,fc)i<j,fc<Ar with Aj^k = {ej\S{ek)). 

It remains to compute uj and be in terms of X^jfJ^m- To this aim, 
we shall use the generating function J{x) defined by ([6]), which in this 
case is given by 

\2 2 1 2 

(29) ,(,).i+,5^_^.nT3%- 

i=i i=i 

The second identity in fl2U]) is flT^ .The first one comes from the expan- 
sion of along the orthonormal basis (ci, . . . , Cat) : 

= {{I - xHir\i)\i) 

= 111 - i^«(i)ir + (((/ - xHi)-\p^{i))\p^{i)) 

N N 2 
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Notice that these identities are vahd for all complex values of x, except 
the poles A~^, j = 1,...,N. The value of is then obtained by 
computing the residue of J(x) at the pole 1/A|, while the value of bi is 
given by 




□ 

We shall now prove that Xn is a diffeomorphism from A^(A^)gcn onto 
Q X T^^. The first step is to prove that xn is a local diffeomorphism. 
This will be a consequence of a first set of identities on the Poisson 
brackets of the actions and the angles. 

3.3. First commutation identities. First we recall some standard 
definitions. Given a smooth real-valued function F on a finite dimen- 
sional symplectic manifold {Ai,uj), the Hamiltonian vector field of F 
is the vector field Xp on defined by 

Vm EM,\/hE T^M,dF{m).h = uj{h,XF{m)) . 

Given two smooth real valued functions F, G, the Poisson bracket of F 
and G is 

{F, G} = dG.Xp = uj{Xf, Xg) ■ 

The above identity is generalized to complex valued functions F, G by 
C-bilinearity. 

Proposition 4. For any j,k E {1, . . . , N} , one has 

{2Xlek} = , {2fil9k} = 5,k . 

In order to compute for instance {2/i|, 6k} one has to differentiate 
6k along the direction of X^2. As the expression of X^2 is fairly com- 
plicated, we use the "Szego hierarchy" , formed by the sequence of 
functions J2„, which we studied in [2J. More precisely, we use the gen- 
erating function J{x) given by (12^ . In the sequel, we shall restrict 
ourselves to real values of x, so that J{x) is a real valued function. 

We proved in [2] that the Hamiltonian flow associated to J{x) as a 
function of u has a Lax pair, which we recall in the next statement. 
We set 

w{x) := {I - xHlr\l) . 

Theorem 3.1 (Szego hierarchy 0, Theorem 8.1 and Corollary 8). Let 
s > |. The map u ^ J{x) is smooth on and its Hamiltonian vector 
field is given by 

X 

(30) Xj(^^){u) = —w{x)Huw{x) . 
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Moreover, the equation 

(31) dtu = Xj(^^){u) 
is equivalent to 

(32) dtH^ = [B-:^,H^] , 
with 

Bl{h) = — (w(x)n(w(x)h) + xHuw(x)n(Hjw)(x)h) - x(h\Huw(x))HuW{ 

Remark 1. Notice that, since is skew-adjoint if x is real, we infer 
that the spectrum of Hu is conserved by the Hamiltonian flow of J{x). 
Moreover, since 

(33) Bl{l) = ^w{x) , 

we also deduce that the spectral measure of associated to vector 1 is 
invariant. Since, by the /i^ are the solutions in a of the equation 

{{Hl-crir'Hlm) = l, 

we conclude that the /i^ 's are also invariant. We infer that the Poisson 
brackets of J{x) with or /x^ are zero, which implies, in view of the 
expression /[W\) . that the brackets of or fij with A| or /x^ are zero. 

Thanks to this theorem, we can compute the Poisson brackets of 
J{x) with the angles cpj. The result is stated in the following lemma. 

Lemma 3. 

Proof. Let us make cj evolve according to the Hamiltonian flow of J{x). 
Taking the derivative of Hu{ej) = XjCj, we get 

= X,B:ie,) - H^iB^e,) + H^ie,) 

Hence, {Hu — Xjl){ej — B^cj) = 0, as by assumption ker(i7„ — A-,/) = 
Mcj, there exists Cj G M so that 

Using that Re(ej|ej) = as cj is normalized, and observing that 
i{B^ej\ej) is real-valued because of the skew-symmetry of i?^', we ob- 
tain = . Eventually, we have 

and 

-4z(l|e,) = (l|4^i?:(e,)) = {MBl{l)\e,) = xJ{x){w{x)\e,) = -^^{l\e,) 

i A^X 
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As a consequence 

d / I NO 1 xJix) 
= :^arg(l|e,) = 



dt ' 2 1 - Xp 



□ 



To compute the bracket with 6m, we are going to use the same 
method but we have to replace the Hankel operator Hu by the shifted 
Hankel operator Ku- We first estabhsh that there is also a Lax pair 
associated to Ku- We obtain it as a corollary of Theorem 13.11 

Corollary 4. The equation 

(34) dtU = Xj^,-j{u) . 
implies 

(35) dtK^ = [C:,K^] , 
with 



X 



C-y(/i) = — (w{x)U{w{x)h) + xHuw{x)U{Hu{w){x)h) 
Ai V 

Proof. One computes, by using Theorem 13.1^ 

dtK^ = dt{HuT,) = [BlHu]T, = B:Ku-H^B:T, 

= b:k^-k^b: + h^[z,b:]. 

By the formula of B^ given in Theorem I3.H and by the elementary 
identity 

WgeL^ Uizg) - zn{g) = izg\l), 

we have 



[z, Bl]{h) = -J-- {.{zh\w)w + x{h\Huw)zHuw) 



so that 



H^[z,Bl]{h) = ^^{iw~l\zh)H^w + x{HMh)K^H^w) 
= — (^{xHlw\zh)HuW + x{H^w\h)KuHuw) 

X 

= —{x{KuHuw\h)HuW + x{Huw\h)KuHuw) 

= — {{K^h\H^w)H^w + {H^w\h)KuH^w) 
At 



where 



(36) D:{h) = -{h\Huw)H^w . 

Here we have used that, by definition of w, w — 1 = xH'^w. Coming 
back to the above expression for the derivative of Ku, we obtain the 
claimed formula with = B^ + D^. This completes the proof. □ 
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This Lax pair allow us to obtain the analogous of Lemma El 
Lemma 4. 

Proof. Let us look at the evolution of fm under the flow of Xj(a,). Let 
us take the derivative of the equation fimfm = Ku{fm)- We get, using 
the same arguments as for e^, that fm = C^fm- We obtain 

^(«l/m) = {u\fra) + (wl/m) 

= {[B:,H^]{i)\fj + {u\c:fm) 

= iB:{u)\fm) - (^^) \fm) - {c:u\fm) 

= -iD:iu)\frn) + ^iHMfm) 

Using the above Formula 1361 for D^, we get 

= -^^{Hlw\l){HMU + ^{Huw\fm) 

= -^(nj-l\l){HMfm) + ^^{HMfm) 
Ai At 

= ^{HuW\fm) = ^{u\fm){HuW\gm) ■ 

At this stage we observe that 
{Hl-^ll)-'H^w = {Hl-^ill)-\l-xHl)-\ = ^L_^g^+^H^^) . 



This yields 



it implies 



and eventually 



^iu\fm) = {u\fm)-^ "^^^^ 



dt Ail — ii^x 



dt dt 2 1 — /i^x 



□ 
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From Lemma [3] and Lemma H] above, we easily deduce Proposition 
m Indeed, from formula (129]) . we have 

and the result follows from the comparison with the results of Lemma 
[3] and Lemma m 

Corollary 5. The mapping xn is a local diffeomorphism. 

Proof. Let us prove that the tangent map of x is invertible. Assume 
that there exist («j)i<j<27v and (/3j)i<j<2Af so that 

N N N N 

^i^^i + aN+jdLj + Y l^jd^j + Y I^N+jdOj = 0. 
j=i j=i j=i j=i 

Since, by Remark [T] and Proposition HJ {Ij,Ik} = 0, {Lj,!^} = 0, 
{9j,Ik} = and {ipj,Ik} = —Sjk, by applying the above identity to 
X/j., we get /Sfc = for /c = 1, . . . , iV. Doing the same with Xl^, we get 
/3k = foi k = N + 1, . . . 2N . Applying this identity to X^p^ and then 
to Xq^, we get ttfc = 0, = 1, . . . 2N , this completes the proof. □ 

3.4. The surjectivity of the mapping xn- In view of the inverse 
formula of Proposition [TTl the surjectivity of xn is equivalent to the 
fact that, for every (/, L, 9) in fi^v x T^^, if u is the right hand side of 
fl2B]) . then Xn{u) = {I,L,ip,9). Though the formulae are explicit, this 
fact is far from trivial and will lead to heavy calculations. Therefore we 
shall use another approach. Indeed we already know from Corollary [5] 
that Xn is an open mapping. Since x T^^ is connected, it suffices 
to prove that xn is proper hence closed to obtain that it is onto. Let 
us take a sequence L^p\ Lp^P\ 9^^"^) in ilj^f x T^^ which converges 
to {I,L,ip,9) G Qn X T^^, and such that, for every p, there exists 
Up G A^(A^)gen such that 

XNiup) = i&\L^^\^^^\9^^^) . 

Since 

N N 

3=1 3=1 

1 /2 

{up) is a bounded sequence in if^ . Up to extracting a subsequence, we 

1 /2 

may assume that (Mp)pgN converges weakly to some u in Hj^ . At this 
stage we can appeal to Proposition [2] and conclude that the convergence 
of Up to u is strong and that 

2\]{u) = /,-, J = 1, . . . , AT, 2/i^(M) = L^, m = 1, . . . , AT, 
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with Xj{u) = if j > N, Umiu) = Q ii m > N . Therefore u G 
A^(A^)gcn • This completes the proof of the surjectivity of xn- 

3.5. The remaining commutation identities. At this stage we proved 
that Xn is a global diffeomorphism. We are going to show that it is 
symplectic. In view of Proposition HI it suffices to prove that the Pois- 
son brackets of {ipj.ipk}, {Ok, Ok'} and {ipj^O^} cancel. We first remark 
that, thanks to the first commutations properties and to the Jacobi 
identity, these brackets are functions of the actions (/, L) only. Indeed, 
applying 

{/, Wj, '^k]] + Wj, Wk, /}} + Wk, {/, ^j]] = 

to f = li and / = Lm, we obtain, in view of Proposition HJ 

{/£, (fk}} = {Lm, Wj, ^k}} = 0. 
Writing {ipj, ipk} = g{I, L, ip, 0), we infer, by Remark[T]and Proposition 

SI 

dg ^ dg_ ^ ^ 
dipi dOm 
The same holds for {Ok, Ok'} and {ipj^Oi] . 

We now prove the remaining commutation laws by first establishing 
the following result. Recall that Jniu) := (i/"(l)|l). 

Lemma 5. One has { J3, Ji} = —-^Jf- 

Proof. From the definition of Ji, one has Ji('u) = (m|1) so that (iJi('u)(/i) = 
{h\l). On the other hand, Jsiu) = {Hl{u)\l) so that 

dMu){h) = {HhHl{l)+HuHhH^{l)+HlHh{l)\l) = 2{h\Hl{l)) + {u^\h). 

As dJ^{u){h) = Alm{h\X-E{cJ:j) + 4:ilm{h\XiT^j^) , it implies that 

Thus, one obtains 

{J3,Ji} = dJi^XneJz) + idJi[Xi^j^) = — |Ji and the lemma is 
proved. 

□ 

As a corollary, we get the following commutation laws. 
Corollary 6. For any j, k, {(fj, (fk} = 0. 

Proof. From the definitions of Ji and J3, we have Ji = Ylj AjZ/|e~*'^^ 
and J3 = J2k ^l^k(^~''^'' so that 

{Js^Ji} = J2e-''^^^^^^^[-z{Xlul^,}X,u]+z{X,u],^k}Xliyl-{^,,^k}^^^^ • 
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On the other hand, by Lemma one also has 



24 



As the commutators {ipj.ipk}^ {AfcZ/|,y9j} and {A^z/|,(y9j} only depend 
on the actions {I,L), we can identify the Fourier coefficients of the 
function {^3,^1} as a trigonometric polynomial in the angle variables. 
We focus on the Fourier coefficient for j ^ k. Since {Xk,{pj} = 0, one 
gets 



(37) (A^ - A^) 



■{(Pj,iPk} + i 



-% . 



Taking the real part of both sides, we conclude 

{iPj.LPk} = . 



□ 



J J 



We now compute the commutation laws between the (p/s and the 
9k s. We shall make use of the functionals N2n+i{u) = {zu\H^"'{l)). 
Recall that the operator has the /i^'s as eigenvalues with associated 

eigenfunctions gk = {Hi - ftpy^u, with H^ifcll^ = bk = J2i 

Hence, by Formula fl2S]) . 

Pu{zu) = ^S{gk) = hk 
k k 

where hk = {H^ — /i^/)~^P„(l). Hence we have 



N2n+l{u) 



where P„(/i) = 
Ji. 



. We ffist compute the commutator of with 



Lemma 6. One has {N^, Ji} = 0. 

Proof. As A^3('u) = {zu\Hl{l)), one has 

dNs{u){h) = {zh\Hl{l)) + {zu\H^{h) + Hh{u)) 
= 2{h\H^{zu)) + {zu'\h). 

So, one gets 

.2 



\Hu{zu) - ^zu- 

1 1 

-Hu{zu) - -zu^ 
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It implies that 



{N3, Ji} = dJi.X^N^ + idJi.Xi^Ns = --{zu'^\l) = 0. 



□ 



As a corollary, one gets 
Corollary 7. For any k and j, {6k,(pj} = 0. 

Proof. The proof follows the same lines as before. One writes that 
{N3, Ji} = 0. One has 



= {7V3,Ji} = Eir'"^^''''VK'^0 



■I. '^k 

- E e^^^^-^^'H-^({f , + {A,^^ 9,}) + ^A,^|{e,, ^,}]. 

By cancelling the real part of the Fourier coefficient, one gets the result. 

□ 

By computing the commutator of and N5, one gets as well that 
{Ok, Ok'} ~ 0. Let us give the proof for completeness. As N5{u) — 
{zu\H^{l)), we have 

dN,{u){h) = {zh\Hl{l)) + {zu\HhHl{l) + H^HnHl{l) + 

+ HiHM^) + Him 

= {h\H^{zHl{u)) + HMHuizu) + Hl{zu)) + 
+ {zuHl{l) + Hl{zu)u\h). 
So, using the expression of X-^]^^ and of Xi^j^^., we get 
{N3,N^} = dN^{u){X^,N,) + idN^{u){Xi^N,) 

= -'-{zu'\H^{zHl{u)) + HMHuizu) + Hl{zu)) 
+ i{zuHl{u) + uHl{zu)\Hu{zu)) 

= [{zHliu) + Hl{zu)\H^{zu')) + {zu'\H^{u)H^{zu))\ 

+ i{zuHl{u) +uHl{zu)\H^{zu)). 
Applying the formulae 

{zf\g) = {zli{f)\li{g)) + (n(5)|n(^7)) , = i/.(a6) , 

we have 

{zu^\Hy_{u)Hu{zu)) = {zuHu{u)\uHu{zu)) 

{uHl{zu)\H^{zu)) = {Hl{zu)\uH4zu)) = {Hl{zu)\H^{zu^)), 
{zuHl{u)\H^{zu)) = {zHl{u)\H^{zu')) , 
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SO that eventually 

{N3,N,} 
On the other hand, we have, as 



2 T 



= {iV3,iV5} = 5^e 



Lk 



k 

,2 



n-r^^k) — 7 — /^fc 

0£ Ok 



Ok Oi h(hk 

Now, as before, one can cancel the real part of the Fourier coefficients 
to obtain 

OiOk 

and hence, {0i,9k} = . 

We have therefore proved all the commutation relations between our 
action angle variables. This proves that xn is a symplectomorphism and 
completes the proof of Theorem 11.11 

3.6. The explicit solution of the cubic Szego equation. We first 
prove Corollary [H 

Proof. Let us compute 

in terms of J2 and J4. We get A4 = 2J4 — J|. On the other hand, we 
already pointed out that 2J4 — J| = ||m||^4. Since the cubic Szego equa- 
tion on A^(A^) is the Hamiltonian system associated to the functional 
E{u) = ||u||^4and to the symplectic form u, and since xn is a symplec- 
tomorphism, we obtain that the cubic Szego equation is equivalent to 
the Hamiltonian system associated to 

1 ^ 

E{I,L,^,e) = -J2(^f-L^). 

As the new coordinates are symplectic, we obtain that the cubic Szego 
equation is equivalent to the system 

= , L„ = 

It, n _ _1 r 

□ 



Remark 2. Notice that the above system is explicitely solvable, and 
therefore that we reduced the cubic Szego equation to a spectral analysis 
of the Hankel operator associated to the Cauchy datum uq. /n [2], 
section 4-i, we observed that the cubic Szego equation on A4{N) could 
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be written as a system of 2N ordinary differential equations in the 
variables given by the poles and the residues of the rational function 
u. Therefore the above corollary provides an explicit resolution of this 
system. 

4. Extension to the infinite dimension 

In this section, we prove Theorem 11.21 We begin with proving the 
genericity of the set H]^'^^^^. 

Lemma 7. The set H]/^^^ is a dense Gs subset of H]/"^ . 

1/2 

Proof. Let us consider the set Un which consists of functions u G H_^! 
such that the first N eigenvalues of are simple, and such that, for 
any j G {1, • • • N}, uj := ||Pj(l)|| 7^ 0. This set is obviously open in 

i^y^. It is also dense in i?+(gen since any element u in -ff+(gen niay 
be approximated by an element in Ai{N'), N' > N, which can be 
itself approximated by an element in A^(A^')gen C Un, since N' > N. 

1 /2 

Eventually, -ff+'gcn is the intersection of the Wat's which are open and 
dense, hence -ff+(gen is a dense Gs set. □ 



We can now begin the proof of Theorem 11.21 First of all, it is clear 
that, because of the simplicity assumption on the eigenvalues and 



1 



/x^, each function Q and 7™, is continuous. Let (m„) in -f^+^gen be a 
sequence so that m„ converges to some u in the topology of . Since 
converges to in the Hilbert-Schmidt norm, the £^ norm of 
{Xj{un)) tends to the £^ norm of {\j{u)) in As Ku„ tends in the 
Hilbert-Schmidt norm as well, the i"^ norm of (7j(u„)) tends to the i"^ 
norm of {'jj^u)). This implies that xi^n) tends to x(^) in x 

We now show that x is a homeomorphism. Let us first prove that x is 
onto. Let ((Cj), (7m)) ^ As xn is onto on A^(A^)gen5 for any N > 1, 
to (iCjl, \lj\y^jy^j)i<j<N corresponds a unique ujy G A^(A^)gen- Since 

N 00 

(mat) is bounded in H^/"^ and there exists a subsequence, still denoted 

1 /2 

by (mat), which converges weakly to some u G Hj^ . Appealing to 
Proposition [21 we infer that u is the strong limit of {un) in if^/^ and 

that u belongs to -ff+'gen with x{u) = {{Q), (7™))- 

Let us prove that x is one-to-one. Again we use the formula (fTTjl . 

uiz) = {u\iI-zS)-'P^il)) . 

Arguing as in Section 3, it is easy to check that Formula f[26|) may be 
extended here so that u is uniquely determined from the data in S, as 
shown by the following result. 
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Proposition 5. = ((Ci)j>i, (7m)m>i), then 

(38) u{z) = X.{I - zA)-^Y 

where 

X := 



Y := iu,f 



lk>l ' 

A := {Aj^k)j,k>i is given by 

oo ^ 

- ft,n^j2 _ I 

and 



^3 



rMiop-i7£P)(iap-i7£P) 



1 


nr=i(ioi 


2 _ 


\lk 


|2)l/2 


101 


Yik^m 


2 _ 


\Ck\^y" 



7d 


2 _ 


\lk 


2 


7£ 


2 _ 




2 



Proof. Since it is very similar to the proof of Proposition |3l we only 
indicate the new features. Denote by TZu the closure of the range of Hu- 
The main difference relies on the spectral theory of Ku on TZu- Indeed, 

1 /2 

if M G -ff/ggn, it may happen that has a kernel in TZu, which is 
equivalent, as we noticed in Subsection 13. 11 to the existence of Qq G TZu 
such that HuQo = 1. In this case, an orthogonal basis of the Hilbert 
space TZu is given by the sequence {gm)m>o, where gm.rn > 1, is given 
by the formula flMl) . and go is as above. However it turns out that the 
existence of go does not affect the formulae in Proposition [51 Indeed, 
since go G TZu and Kugo = = HuSgo, we infer Sgo = 0, hence, with 
the notation of Proposition [3l the expression of S{ek) is still 

and the expression of 

Aj,k = iej\S{ek)) 

then follows for every j,k > 1. □ 

It remains to check that is continuous on S, that is if xi^^p) 
tends to x{u) then Up tends to u in H^^"^. First, as xi^p) converges, 
the sequence (up) is bounded in H^^'^ and hence, admits a convergent 
subsequence which weakly converges to some v. Appealing again to 
Proposition [2], we conclude that Up converges strongly to v. As x is 
continuous and one-to-one, we have u = v. 

Finally, the evolution formulae of Q and of 7^ for the cubic Szego 
equation ([1]) are immediate consequences of similar formulae for u G 
Ai (N) derived in Corollary [H combined with the approximation of u 
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by elements mat in A^(A^)gen, and the continuity of the flow map of ([T]) 

1 /2 ._ 

on Hj^ , as proved in Theorem 2.1 of [2j. This completes the proof. 

5. Inverse spectral problems for Hankel operators 

As a byproduct of the existence of the diffeomorphism xn and of the 
homeomorphism x, we first prove Corollary [2l 

Proof. Denote hj : u & L\ ^ c = {u{n))n>o G £^(N) the Fourier 

transform. Notice that J-" realizes an isomorphism from ^ onto h^/^ . 
Moreover, it easy to check that 

Therefore, the set of sequences c G h^/^ such that Tc has rank and 
admits Xj , 1 < j < N, as simple singular values, and such that has 
rank and admits Hj, I < j < N, as simple singular values, is sent 
by onto 

with 

Ij := 2A^ , '■= . 

The same argument applies in the infinite dimensional case. This com- 
pletes the proof. □ 

Restricting to the case of self adjoint Hankel operators will give us 
the proof of Corollary [3] as follows. 

Proof. Via the Fourier transformation J-', 

Ll^^ = {heLl : G N, h{n) G M} . 

identifies to ^k(^); ^^e operators Hu, with u G iJ^^ ^ L+r 
respectively identify to Tc, Tc with c = J^u. Moreover, for every (/, L) G 
Qn, one easily checks that 

T(/,L) n^,, = x~NiiI,L) X {0,7r}2^} , 

and, if u belongs to this set, the non zero eigenvalues of Hu (resp. Ku) 

on ,^ are 

Ci = Aie-^'^S . . . , Cn = A;ve-''^^(resp. 71 = f^ie-''\ . • • , 7^ = /i^e"^^^) . 

Indeed, on the one hand x {0,7t}^^} C T(/,L) n L^^,. by 

Proposition [31 On the other hand, if m G T(/, L) fl L'^ r^ ^^e operator 
Hu is selfadjoint on L+j., hence has real eigenvalues (i,...Xn with 
= Xj . The corresponding normalized eigenvectors ej in ^, satisfy 

therefore either e-,- = ie^- and = arg(l|ej)^ = if Q = Xj, or 
Cj = ±iej and = arg[— (l|ej)^] = vr if (j = —Xj . The same holds for 
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Ku- The same argument applies in the infinite dimensional case. This 
completes the proof. □ 

Remark 3. Notice that, in addition to Corollaries IE mdl^ the solu- 
tions c are given by 

with the notation of Proposition\^ in the finite rank case, and Proposi- 
tion\^in the infinite rank case. 

6. Stability of Invariant Tori 

In this section, we prove Theorem II. 3[ which we state again for the 
convenience of the reader. 

Theorem 6.1. For n = 1, . . . , 2N , define 

1 /o 

Then T(/i, . . . , In, Li, . . . , L^) is the set of the solutions in Hj^ of the 
minimization problem 

inf{M(u) : J2niu)=j2n , n = 1, . . . , 2N} . 

Consequently, T := T(/i, . . . , 1^, Li, . . . ,Ln) is stable under the evo- 
lution of (Oy, in the sense that, for every e > 0, there exists 6 > such 
that, if 

inf ll-un — TTi/2 < 5 , 
then the solution u of (QP with n(0) = Uq satisfies 

sup inf \\uit) — f II [71/2 < e . 

Proof. First of all, notice that Formula (15^ expresses the common 
value of J2n(w) as M e T(/i, . . . , Jtv, Li, . . . , L^r), in view of formulae 
(EZD and 

N 

with Ij = 2\], Lra = 

Let us assume that the Lagrangian torus 

T := T(Ji, . . . , Jat, Li, . . . , Ln) 

1/2 

is the set of solutions in of the minimization problem 

(40) mi{M{u) : J2„(m) = j2n, n = 1, . . . , 2iV} := m 

where the j2n's are given by formula (139|) and let us prove that it implies 
the stability. 
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Let Mq"'' so that inf^gx ||'i*o"''~'^ll/i'i/2 tends to zero as n goes to infinity. 
We are going to show that the solutions li^"^ of the cubic Szego equation 
with ^("■^(O) = u^Q^ are such that sup^g^ inf — 'y||_ffi/2 tends 

as well to zero as n goes to infinity. As the functionals u i— )■ J2k{u) 
are invariant under the cubic Szego flow and are continuous for the 
weak topology of H^/'^ we get that J2k{u^'^\t)) = J2k{u[]^^) tends to j2fe- 
Similarly, since M(u) is a conservation law, m*^"-* is bounded in H^^^ 
and M(u(")) tends to m. Moreover, given any sequence of real 
numbers, the sequence {u^'^\tn)) has a subsequence which converges 

1/2 

weakly to some u G H_^! . By the weak continuity of the J2k and 
the weak semi- continuity of M, J2kiu) = j2k and M{u) < m. Hence, 
since T is the solution of the minimization problem, M{u) = m, Un{tn) 
converges strongly to u and u belongs to T. This gives the stabihty. 

It remains to prove that the set of minimizers is T. Recall that 
k — 1, . . . , N are linearly independent if and only if the Gram determi- 
nant 

det( J2(„+m) {u))i<n,m<2N 

is non-zero. By the choice of the sequence {j2n}i<n<2Arj there ex- 
ists u G A^(iV)gcn SO that J2n{u) = j2n, 1 < ^ < 2A^ — any u G 
X^^((/i, . . . , In, Li, . . . , Ljv) x T^^) is convenient. Hence, the determi- 
nant 

det (j2(n+m) ) l<n,m<2N 

is different from zero. Since Hu is one to one on its range, it follows that 
if u satisfies J2„(m) = j2n, 1 < < 2A^ then u, H'^{u), . . . , Hu^^ ^\'^) 
are independent. As a first step, the following proposition implies that 
the set of functions u with J2n{u) = j2n with M{u) minimal is a subset 
of M(A^). 

Proposition 6. Letu G H^^"^ and N > 1 so thatu, Hl{u), . . . , Hu^^~^\u) 
are independent. Then the following inequality holds 

M{u) > "^^^ '''^2(A;+7V+l)('?^))o<fc<Af-l) 

~ det{J2(k+e+i){u))o<k,e<N-i) 
with equality if and only if u & M (N) . 

Proof. This statement is a direct consequence of the following lemma 
with A = Hi and e = u. □ 

Lemma 8. Let A be a trace class positive self-adjoint operator de- 
fined on a Hilbert space H and let e & H, N > 1. Assume that 
A{e), A^{e), . . . , A^(e) are independent. Then, 

det ((A*^+^(e),e)o<.<^-i, (A*^+^(e),e)o<fe<iv-i) 
Tr( A \ > ^ o<e<N-2 /_ 

^ det((A>^+^(e),e)o<k,e<N-i)) 
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with equality if and only if the range of A is N dimensional and e 
belongs to the range of A. 

Proof. Denote by V the space spanned by e, A{e), . . . , A'^~'^e. Let P 
be the orthogonal projector from to V. Let A = PAP then A is 
positive self adjoint and Tt{A) > Tt{A). In fact, one has 

Tr(i) = Tt{P'^A) = Tt{PA) 

so that 

Tr(A)-Tr(i) = Tr((/-P)A) = Ti{{I-PyA) = Ti{{I-P)A{I-P)) > 0. 

By definition, A is at most of range N so that by Cayley-Hamilton, 
there exist ai = Ty{A), (T2 . . . , ctat so that 

N 

(Af = $^(-iy-V,(i)^-^-. 
i=i 

In particular, 

N 

{Afie) = $^(-irV,(i)^-^(e) 

so that 

PA^(e) = f;(-l)^--V,A^-^(e) 
and taking the scalar product with yl^(e), < A; < — 1, we get 

N 

(A^+^e),e) = ^(-irV,(A^-^-+'=(e),e). 
i=i 

Solving the corresponding system in (cxi, . . . , (Tat), we get that ai = 
Tt{A) coincides with the right hand side of the inequality. Hence, 
inequality of lemma El is proved. Furthermore, there is equality if and 
only if 

Tr{{I - P)A{I - P)) = 0. 

This is equivalent, since A is positive, to {I — P)A{I — P) = which, in 
turn is equivalent to A{I — P) = 0. Indeed, let w G Im(/ — P) so that 
(/ - P)Aw = then ((/ - P)Aw, w) = = {Aw, w) so that Aw = 0. 
In particular, the range of A is a subspace of V. On the other hand, by 
assumption the range of A is at least dimensional, we obtain that 
the range of A is exactly V. In particular, it implies that e belongs to 
the range of A. Conversely, if the range of A is dimensional and if e 
belongs to the range of A, then is a subspace of the range of A and is 
dimensional, hence V is the range of A. In particular, (J — P)A = 
so that Tr(i) = Tt{A). □ 
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We now show that Proposition E] imphes the theorem, namely that 
T is the solution of the minimization problem. It remains to prove 
that, if M G A^(A^) satisfies J2niu) = j2n for n = 1,...,2N, then 
M G T. Let u be such a function. Since det{J2(n+m)iu))i<n,m<N = 
det{j2(n+m))i<n,m<N 7^ 0, we already know that has simple pos- 
itive eigenvalues > ■ ■ ■ > and its corresponding normalization 
constants t>i, . . . , i>Ar are all > 0. Let us prove that 

h = ^ ^j = '^j ^ 3 = ^^---^N 

where Ai, . . . , Aiv, i/i, . . . , z/jv correspond to any element uq G T. The 
assumption J2n{u) = j2n for n = 1, . . . , 2N reads 

N N 

or, for every polynomial P of degree < 2N such that -P(O) = 0, 

TV N 

Assume that for some jo, Xj^ is different from all the Aj's. Then we 
can select a polynomial P of degree 2N such that -P(A|) = for every 
j, P(A2) = for every j ^ jo and P(0) = 0, but P{X%) ^ 0. Plugging 
these informations into the above identity, we get uj^ = 0, a contradic- 
tion. This implies Xj = Xj for every j, and finally, by solving a Van der 
Monde system, Uj = Uj for every j. □ 

Remark 4. There is an analogous result of Theorem \1.3\ in the infinite 
dimensional case, though it is easier. Indeed, given two sequences I = 
{Ij)j>i,L = {Ljn)m>i of numbers such that 



Ji > Li > J2 > La > ■ • ■ > , ^ Jj 



< 00 , 



1 /2 

denote by T(J, L) the infinite dimensional torus of those u G Hj/^gen 
such that x{u) = {{Cj)j>i, (7m)m>i) with Ij = 2|Cjp and Lm = 2|7mp 



for all j,m. First of all, we observe that, for every n > 1, J2n has a 
constant value on T(/, L) given by 



J2n 



E2-'./»(i-^)n(^ 

j=i V / Mi ^ ^ ' 



Then we claim that T(/, L) is precisely the solution of the minimization 
problem 

inf{M(M) : J2niu) = J2n , ^ > 1} • 
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Indeed, if u E iJ^ is such that J2n{u) = j2n for every n > 1, we 
conclude that 

1 ^ CO -I 2 

1 1 , . TT 1 ~ I^P 



r 1 1 1 



1 - ^> 



where 

\^ — ^ T //2 ■- ^ T 

From formula / fT^) . we infer 

oo -I 2/ \ oo -I 2 

j=i J j=i J 

Consequently, the sequence (A^) is a subsequence of the sequence (A^('u)), 
and the sequence (/i^) is a subsequence of the sequence (yU^('u)). We de- 
duce 

oo 

m=l m=l 

with equality if and only if the sequences (/i^) and coincide. 
In that case, in view of ( [7?] ), we conclude that the sequences (A|) and 
(A|(m)) coincide too, and finally that u G T(/,L). The stability of 
T(J, L) through the evolution of ^ therefore follows by the same com- 
pactness arguments as in the proof of Theorem \1.3[ 

7. Instability of traveling waves 

In contrast with the preceding section, we now estabhsh instabihty 
of travehng waves which are non minimal. 

Theorem 7.1. The following traveling waves of the cubic Szego equa- 
tion are orbitally unstable : 

N _- 

fi^) = aT\^^ , ay^O,N>l , 0<\p,\<l , 

^{z) = a^O, iV>2,iV-l>£>0, 0<H<1. 

Proof. We first deal with traveling waves with non zero velocity, 

^{z) = —^^, N>2,N-l>£>0,0<\p\<l, 

where the constant a ^ has been made 1 for simplicity, in view of 
the invariances of the equation. Our strategy is to approximate (p hy a. 
family (uq) in A^(A^)gen such that the family of corresponding solutions 
(u^) do not satisfy 

(42) sup inf Wu'^it) — iPa b\\h'l/2 — ?■ , 
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where (pa^p denotes the current point of the orbit of ip through the 
action of T^, 

y.,,^(z)=eXe^^z) . 

Specifically, if fH2|) holds, then, for e small enough, u'^(t) belongs to a 
compact subset of A^(A^), and consequently every continuous fonction 
/ on A^(A^) which vanishes on every (yj^./j satisfies 

sup|/(n^(t))|— ^0. 

We shall choose for /, the function a defined by 

A{z) 

""^^^ l-a{u)z + zm{z) ' 

where A, R are polynomial functions. Notice that a vanishes onto the 
orbit of since N > 2. We now compute a{u'^{t)) by means of the 
explicit inverse formula for xn given in Proposition [31 This yields 

Notice that, in the above formula, all the quantities depend on e, but 
only the angles (pj,6£ depend on t. Moreover, from Corollary [H we 
know that they depend linearly on t, with velocities 

d_ 

We claim that we may assume that all these velocities are pairwise 
distinct. Indeed, using the diffeomorphism xn of Theorem 11.11 this 
just comes from the fact that, on the open set 

r^AT = {/i > Li > /2 > L2 > ■ ■ ■ > /at > Ljv > 0} 

of M^^, the quantities Ij — Li are generically pairwise distinct. Conse- 
quently, 

1 Jl^^..eU^M2,, . 







We now estimate the right hand side of the above identity from below 
as e tends to 0. An elementary spectral study of and of K'^ shows 
that their eigenvectors are 

z^ 

'^^= l^pN^N ' J = 0,l,...,iV-l, 

and that their eigenvalues belong to the pair 



;i_ |p|2iV)2' (1_ |p|27V)2 

hence are bounded from above and below. From the continuity deduced 
from the min max formula, we infer that A^, also bounded from 
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above and below as e tends to 0. Therefore, for some fixed positive 
constant (5, 

Moreover, 

N N 

1=1 j=i 

as we proved in |2J, Proposition 1. We conclude that 

T 

1 



liminf lim ^ I \a(u'(t))\'^ dt > 



which contradicts 



sup \a{u%t))\ — > 



Hence ip is orbitally unstable. 

We now deal with stationary waves, which are Blaschke products 



*'(^) = n I 



N-l - 



with > 2, < \pj\ < 1. Once again, we want to prove that there 
exists a sequence Mq in i/^^ such that 

IK - — > 

e—>-0 

but the solution m*^ of the cubic Szego equation with Cauchy datum Uq 
satisfies 

(43) liminf sup inf \\u'(t) - e*"(/?||^i/2 > . 

Introduce the quantity 

q:= (l|y.) = (-l)^-Vi...p^-i . 

We claim that we may assume that q G M+. Indeed, by using invariance 
of the cubic Szego equation through multiplication by complex numbers 
of modulus 1 and by rotations of the circle, property (l43i) for ip and 
the sequence (mq) is equivalent to property (l43l) for 

^{z) = e"^ip{e'^z) 

and 

uf^{z) = e^^Mg(e^^z) . 
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If we choose /3 = — (A^ — 1)7, we observe that 



N-l 



so that Hence a convenient choice of 7 ensures q > 0. 

We therefore assume from now on that q > 0. 
We now introduce 

Uq = ip + e . 

Let us first determine the spectrum of H^e on the vector space 
<l>:=span(i7:.(l),n>0). 

We have 

Huf, = + eHi 
which is identically on ker H^p. On the range of H^, we have 

H^e = + e{H^pHi + HiH^p) + e^H^ = I + Rs 

where is the rank two operator defined by 

Re{h)=em^)^+ih\ifi))+e'ih\l). 

Notice that we used the identity = 1 on the range of H^, which 
holds since ip is an inner function. We observe that R^ stabilizes 
span(l,<^), which is therefore < 1 >, and that its matrix in the ba- 
sis (1, (p) reads 



eq + e'^ e + e^q 



e eq 

Consequently, the eigenvalues of if^g on span(l, ip) are the roots r± of 
the equation 

(r - If - {2eq + e'^){r - 1) - - g^) = 
which are given by 

r± = l + £(g+|±(l+£g + j)'/') =l + £(g±l) + 0(£2) . 

We therefore have 

Ht.{l) - a,Hl.{l) + a, = 0, 

ai = r+ + r_ = 2 + 2eq + e'^ , a2 = r+r_ = (1 + eqf . 

Applying the Lax pair property described in Formulae ([2]) and ([3]), we 
infer 

Ht.il) - a^HUl) + a, = 

for every time t. Indeed, / = -^^^(l) —aiHls{l) + a2 satisfies the linear 
evolution equation 
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and /(O) = 0. Denote by G< 1 > the unique vector such that 
Hue{w'^) = 1. In view of the above formula, we have 

w , 

0-2 

We now study the evolution of 

ji,{t) = {w^\i) , jm = {u^\i) . 

Again by the Lax pair property, we have 

iJli = Jl , iJl = (7iJl - (72J-1 , 

which implies that 

where 7± are given by initial conditions, 

r+ r_ 1 + eq 

This leads to 

We infer, for every s > 0, 

s/e 



j \Jl{t)\^dt = ^ + + 2Re(7+7_e-^("+-"-)"/")) da 



1 + g2 (1 _ g2) sin(2s) 



.^0 2 As ■ f^'^- 

On the other hand, if is orbitally stable, we have 

sup||Ji^(t)p-g2| <CsuY> inf - e^>||i2 — ^0 , 

which imposes f{s) = for every s and contradicts the above formula 
for /. We conclude that ip is orbitally unstable. 

□ 
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